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In our work we present the algorithm OnLin-
Rel for a variant of the multi-armed bandit prob-
lem [2], called Associative reinforcement learn-
ing with linear value functions [1]. The algo-
rithm achieves a high-probability regret bound of
Õ(d

√
T ).

1. The problem

The problem can be described as follows: consider
the sequential decision making problem where, at
each time step t, an agent has to choose between
K alternatives (arms). In addition, a feature vec-
tor zt,k ∈ Rd, 1 ≤ k ≤ K is revealed for ev-
ery arm. After pulling the chosen arm i(t), the
agent receives a reward according to the expres-
sion r(zt,i(t)) = rt = θ>zt,i(t)+σt,i(t), where θ ∈ Rd

is the parameter of the system and σt,i(t) is a zero-
mean noise. The agent’s goal is to maximize the
cumulative reward

∑T
t=1 rt, where T is the time

horizon.

Equivalently to the above, one can aim
to minimize the cumulative regret RT =∑T

t=1 (arg maxk E[r(zt,k)]− rt). For the sake of
simplicity, we will use the notation zt = zt,i(t).

2. The OnLinRel algorithm

The algorithm Online Upper Confidence Bound
for Linear Associative Reinforcement Learning
(OnLinRel), described in Figure 1, computes an
upper confidence bound for each arm and pulls
the arm with the highest value. For calculating
these ucb-values, OnLinRel uses a similar idea
as that of Auer’s LinRel algorithm [1]: instead
of estimating the parameter θ, one can directly
estimate the expected reward corresponding to
a feature vector using the knowledge of previous
feature vectors and rewards. The intuitive expla-
nation of the algorithm is the following:

Algorithm OnLinRel
Parameters: T, δ

For each time step t ≤ T do the following:

1. Receive feature vectors zt,k ∈ Rd (k = 1, . . . , K)

2. For each 1 ≤ k ≤ K

(i) Calculate vectors defined by the recursion
bt,1,k = zt,k

bt,s,k = (s−1)‖zs−1‖2Ps−1bt,s−1,k+zt,k

s‖zs‖ (2 ≤ s < t)

where Pi = Id − zizi
>

‖zi‖2 , i = 1, . . . , t− 1.

(ii) Calculate coefficients
at,s,k = s

t−1z>s bt,s,k, 1 ≤ s ≤ t− 1
(iii) Calculate upper confidence bounds ucbt,k =

∑t−1
s=1 at,s,krs +

√∑t−1
s=1 a2

t,s,k

√
ln(2TK/δ)

3. Choose the arm with the highest upper confidence
bound

4. Receive reward rt

Figure 1. The algorithm OnLinRel

Suppose that we want to estimate the expected
reward corresponding to a feature vector z. If we
have a linear combination z =

∑t−1
s=1 aszs then,

with the same coefficients, we can estimate the
reward corresponding to z with the linear combi-
nation of previous rewards: r(z) =

∑t−1
s=1 asrs.

Furthermore, we want to minimize the 2-norm of
the coefficient vector a = (a1, a2, . . . , at−1)>, be-
cause our regret bound will depend on this value.

To calculate the coefficients, LinRel uses the
Least Squares solution for the equation system
rs = θ>zs s = 1, . . . , t − 1. The problem with
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this approach is rather technical: for calculating
the coefficient for rs, it uses all the feature vec-
tors z1, . . . , zt−1. This prevents us from proving
the regret bound we aim to achieve. Instead, we
can calculate coefficients in an online manner. In
the following recursion, the coefficient for rs is ex-
pressed in terms of z1, . . . , zs and z:

as,s(z) = arg min
a
‖

s−1∑

i=1

as,izi + azs − z‖

as,l(z) =
(

1− 1
s

)
as−1,l(z) 1 ≤ l < s,

and the new feature vector z is approximated by
z ≈ ∑t−1

l=1 at−1,lzl. The above trick of discounting
the coefficients of “old” feature vectors keeps the
norm of the coefficient vector small while main-
taining a sufficient approximation for z. The way
the coefficients are computed in Figure 1 can be
derived from the above recursion method using
basic algebraic manipulations.

3. Our main result

Before presenting the main theorem of this paper
we have to introduce a condition on the feature
vectors.

Condition 1 Let {zt,k} be a stochastic pro-
cess and ∀t : kt ∈ σ(z1,k1 , . . . , zt−1,kt−1),
the σ-algebra generated by the previously cho-
sen arms. Then, ∃c < 1 such that

supj∈N E
[∥∥∥∏j+d−1

i=j Pi

∥∥∥
∣∣∣∣z1,k1 , . . . , zt−1,kt−1

]
≤ c

almost surely where Pi = Id −
zi,ki

z>i,ki
‖zi,ki

‖2

Intuitively, Condition 1 means that the expected
value of the term above is isolated from 1, in-
dependently from the algorithm. Note that the
condition trivially holds if the feature vectors are
drawn in an i.i.d. manner from a distribution
whose support spans Rd. Now we are ready to
state our main theorem.

Theorem 1 Assuming Condition 1 holds, for
any 0 < δ < 1 the algorithm OnLinRel with
parameters T and δ achieves the following regret
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Figure 2. Cumulative regret for three algorithms

bound with probability at least 1− δ:

R(T ) ≤ 2d
√

2T ln(2TK/δ)
min1≤t≤T ‖zt‖2(1− c)

+
2d

1− c
.

This regret bound is slightly worse than that of
Auer’s SupLinRel algorithm [1], which achieves
a regret of Õ(

√
dT ). Nevertheless, as experi-

mental results show, OnLinRel performs sig-
nificantly better than SupLinRel in the non-
adversarial case. Furthermore, one should note
that although LinRel achieves smaller regret
than OnLinRel, there is no proven regret bound
for LinRel to the best of our knowledge. Figure 2
shows the cumulative regret for the three algo-
rithms with parameters d = 5, T = 5000, δ = 0.1
and i.i.d. noise with variance σ = 0.1.
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